In the present paper it is proved that the functors O τ of τ -smooth order preserving functionals and O R of Radon order preserving functionals preserve the weight of infinite Tychonoff spaces. Moreover, it is established that the density and the weak density of infinite Tychonoff spaces do not increase under these functors.
Introduction
Let X be a compact(≡compact Hausdorff topological space) and let C(X) be the Banach algebra of all continuous real-valued functions with the usual algebraic operations and with the sup-norm. For functions ϕ, ψ ∈ C(X) we shall write ϕ ≤ ψ if ϕ(x) ≤ ψ(x) for all x ∈ X. If c ∈ R then by c X we denote the constant function identically equal to c. Recall that a functional µ : C(X) → R is said [2] to be: 1) order-preserving if for any pair ϕ, ψ ∈ C(X) of functions the inequality ϕ ≤ ψ implies µ(ϕ) ≤ µ(ψ);
2) weakly additive if µ(ϕ + c X ) = µ(ϕ) + cµ(1 X ) for all ϕ ∈ C(X) and c ∈ R;
3) normed if µ(1 X ) = 1.
For a compact X denote by O(X) the set of all order-preserving weakly additive and normed functionals µ : C(X) → R. By W (X) we denote the set of all functionals satisfying only the conditions 1) and 2) of the above definition. Note that according to proposition 1 [7] each order-preserving weakly additive functional is continuous. Further orderpreserving weakly additive functionals are called order-preserving functionals [2] .
Let X be a Tychonoff space and let C b (X) be the algebra of all bounded continuous real-valued functions with the pointwise algebraic operations. For a function ϕ ∈ C b (X) put ϕ = sup{|ϕ(x)| : x ∈ X}. C b (X) with this norm is a Banach algebra. For a net {ϕ α } ⊂ C b (X) ϕ α ↓ 0 X means that for every point x ∈ X one has ϕ α (x) ≥ ϕ β (x) at β ≻ α and lim α ϕ α (x) = 0 X . In this case we say that {ϕ α } is a monotone decreasing net pointwise convergent to zero.
For a Tychonoff space X by βX denote its Stone-Čech compact extension. Given any function ϕ ∈ C b (X) consider its continuous extension ϕ ∈ C(βX). This gives an isomorphism between the spaces C b (X) and C(βX) moreover, ϕ = ϕ , i. e. this isomorphism is an isometry, and topological properties of the above spaces coincide. Therefore one may consider any function from C b (X) as an element of C(βX). Hence definitions 0.1 and 0.2 from [1] may be given in the following form. Definition 1. An order-preserving functional µ ∈ W (βX) is said to be τ -smooth if µ(ϕ α ) → 0 for each monotone net {ϕ α } ⊂ C(βX) decreasing to zero on X.
Definition 2. An order-preserving functional µ ∈ O(βX) is said to be Radon order-preserving functional if µ(ϕ α ) → 0 for each bounded net {ϕ α } ⊂ C(βX) which uniformly converges to zero on compact subsets of
X.
For a Tychonoff space X by W τ (X) and W R (X) denote the sets of all τ -smooth and Radon order-preserving functionals from W (βX), respectively. The sets W τ (X) and W R (X) are equipped with the pointwise convergence topology. The base of neighborhoods of a functional µ ∈ W τ (X) (respectively, of µ ∈ W R (X)) in the pointwise convergence topology consists of the sets
where ϕ i ∈ C(βX), i = 1, ..., k and ε > 0.
The operations O τ and O R are functors [1, Theorem 0.3] in the category T ych of Tychonoff spaces and their continuous maps.
Let A be a closed subset of the compact X. An order-preserving functional µ ∈ O(X) is said to be supported on A if µ ∈ O(A) [2] . The set suppµ = ∩{A : µ ∈ O(A) and A is closed in X} is called the support of the order-preserving functional µ.
For a Tychonoff space X put
The operation O β translating a Tychonoff space X to O β (X), is a functor [3] in the category T ych. Obviously the inclusions
are valid for any Tychonoff space X, and the equalities
are true for arbitrary compact X.
Let X and Y be compacts and let f : X → Y be a continuous map.
is continuous, where ϕ ∈ C(Y ) and µ ∈ O(X).
Now let X and Y be Tychonoff spaces and let f : X → Y be a continuous map. Put
and
where βf : βX → βY is the Stone-Čech extension of f. Note that the space W τ (X) equipped with the pointwise convergence topology may be considered as a subspace of the topological product Π = {R ϕ : ϕ ∈ C(βX)} of real lines R ϕ = R. Since Π is a Tychonoff space the spaces W τ (X) and O τ (X) with the pointwise convergence topology are also Tychonoff spaces.
Note that the above maps
O τ (f ) : O τ (X) → O τ (Y ), O R (f ) : O R (X) → O R (Y ) and O β (f ) : O β (X) → O β (Y )
Main results
Let X be a topological space. Recall that a weight of X is the cardinal number w(X) defined by the formula w(X) = min{|B| : B is a base of the topology on X}.
In this section we shall prove that the functors O τ of τ -smooth orderpreserving functionals and O R of Radon order-preserving functionals preserve the weight of infinite Tychonoff spaces. To do this, we need some constructions.
Let Y be a subspace of a Tychonoff space X. Put
The following notion is well-known. A subspace Y ⊂ X is called C-
For a C-embedded subspace Y of a Tychonoff space X, a functional
Proof. We have the following equality
which directly follows from (2). Let 
The following statement is obvious. Proof. Let µ ∈ W τ (Y ) be an arbitrary order-preserving functional and Note that for a compact X each order-preserving weakly additive functional µ : C(X) → R has a (continuous) order-preserving weakly additive [5] . Here B(X) is the space of all bounded functions equipped with the uniform convergence topology. As we have noted above for each Tychonoff space X the normed spaces C b (X) and C(βX) are isometrically isomorphic. Therefore any τ -smooth order-preserving functional µ : C b (X) ∼ = C(βX) → R may be also extended to B(βX) as well. We shall use the same notation for an order-preserving functional from W (βX) and for its extension on B(βX).
Let Y be a subspace of a Tychonoff space X. Consider the following
where χ K is the characteristic function of the set K.
The equalities (2) and (4) imply the following Proposition 3. Let Y be a C-embedded subspace of a Tychonoff space
. Lemmas 2, 3 and Proposition 3 yield that for a C-embedded subspace Y of a Tychonoff space X the following equalities hold
These equalities imply the following Let X be a Tychonoff space, and suppose that bX is its arbitrary compact extension. Let f : βX → bX be a natural map. Assume that µ ∈ O * X (βX) and O(f )(µ) = ν. Consider an arbitrary compact set F ⊂ bX \ X. By virtue of Theorem 3.5.7 [6, P. 220] the inclusion
. In other words the following restriction map is correctly defined
The map O(f )|O * X (βX) is continuous as the restriction of the continuous 
From this it follows
Lemma 4 [2] and the inclusion (6) imply
for each order-preserving functional µ ∈ O β (X).
Now we need the density lemma for order-preserving functionals. Recall that the density of a topological space X is the least cardinal number of the form |A| where A runs over everywhere dense subsets of the space X, and |A| denotes the cardinality of the set A. The density of a topological space X is denoted by d(X).
For a Tychonoff space X put O ω (X) = {µ ∈ O(βX) : suppµ ⊂ X and suppµ is finite set}.
The following statement may be considered as a version of the density lemma 1.4 from [8] for order-preserving functionals. Let now Y be an everywhere dense in X. Then we have
be an arbitrary orderpreserving functional, and let µ; ϕ 1 , ..., ϕ k ; ε be a neighborhood of µ.
Suppose that suppµ = {x 1 , ..., x n }. One can choose a set {y 1 , ..., y s } ⊂ Y
and an order-preserving functional ν ∈ O ω (Y ) such that the following conditions hold:
(i) suppν = {y 1 , ..., y n };
This implies ν ∈ µ; ϕ 1 , ..., ϕ k ; ε , i. e. the set O ω (Y ) is everywhere dense
From the above in particular it follows that the set O ω (X) is everywhere dense in O ω (βX). On the other hand according to proposition 3 
We obtain a contradiction which shows that our assumption is false.
From the above, in particular, it follows that the map
inverse to (5), is also continuous. Thus, the map (5) Moreover, for every infinite Tychonoff space X we have
Recall the following notion. Definition 3 [3] . The weak density wd(X) of a topological space X is the least cardinal number τ such that X has a π-base which is the union of τ centered families of open sets in X.
We need the following properties of the weak density 
where ϕ ∈ C b (X) is an arbitrary function satisfying the following inequalities 0 ≤ ϕ ≤ χ (X\K n,m ) .
Define an order-preserving functional µ n,m on C b (X) by the formula µ n,m = r X K n,m (µ n ).
Then µ n,m ∈ O(K n,m ) ⊂ O β (X). We have |µ n (ϕ) − µ n,m (ϕ)| = (according to (11)) = |µ n (ϕ) − r Proposition 6 is proved.
